ELEMENTARY PROOFS FOR KATO SMOOTHING ESTIMATES 
OF SCHRODINGER-LIKE DISPERSIVE EQUATIONS 

XUWEN CHEN 

o 

^N) ' Abstract. In this expository note, we consider the dispersive equation: 



^ 






i<f>t = {-A)l0 in R"+\ <f>{x,0) = f{x) e L^{R"). 

We prove some extensions and refinements of classical Kato type estimates 
with elementary techniques. 



(N 

< 

2-2a dxdtiS,C\\(j){-,Q)\\"^, for ae [0,^) and n > 3 (0.2) 

^ ' in Kato and Yajima [3], and Ben-Artzi and Klainerman jT] for the free Schrodinger 

equation (/? = 2 in equation 10. ip and show that estimate 10.21 is in fact an identity 
O/ ' whenever the initial data is radial. In particular, this also implies that when n — 2> 

and a = 0, the best constant in estimate 10.21 is attained for every L^(]R^) radial 
data (via Simon [6]). As pointed out in Vilela [9], the free Schrodinger endpoint 
C-T* \ Strichartz estimate for radial data in the case when n ^ 3 follows from estimate 

^^ ' 10.21 Moreover, the proof of theorem [2] in fact gives theorem [3] which is stated below. 



In this short note, we give easier and unified proofs for certain smoothing esti- 
mates of the dispersive equation: 

#t = (-A)^0 in M"+\ (t){x, 0) = 0o(a;) G L^{W). (0.1) 

Theorems [T] and [H extend the classical Kato estimate: 

oo ^ 

[ [ \\vr <t>{x,t)\\ ,_^„,, ,,„2 , ^,1, 



2' 



0.1. Statement of the theorems. 

Theorem 1. Let cj) be the solution to eauation lO.ll then for \ < P — 2a < n, we 
have 

|Vr<^(a;,i)|' 



C^ ■ / / , ,g_2L '^2;dt s$ C„,„,/j 1100 II2 , 

J-ooJK" \x\'^ 

Moreover, if (J)q is spherically symmetric, then equality holds i. e. 

l|Vr0(a;,i)| 2 

— -g32S "-^"-^ = ^n,a,P ||0oll2 ■ 

\x\' 
Remark 1. As mentioned before, the above estimate when /3 = 2, was proved by 
Kato and Yajima [3] in 1989, Ben-Artzi and Klainerman [T] in 1992. The case 
P — 2, a = Q was also mentioned by Herbst [3] and Simon [5] in 1991. Vilela 
reproved estimate \0.2\ to give the endpoint Strichartz estimate for radial data in the 
case when n ^ 3 m [9] in 2001 . However, they did not show the equality for radial 
data. In addition, we will avoid the use of trace lemmas. 
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When n = 1, we have the same theorem back, but we have to assume odd initial 
data. 

Theorem 2. Let (p be the solution to equation \0.1\ in M}^^ with odd initial data, 
i.e. 

then for 1 < /3 — 2a ^ 2, we have the identity 



In particular, when a = 0, /3 — 2, we have 

^^ [°^ \<l>{x,t)\\ 2 

/ 2 dxdt — TT \\(Pf^\\.2 ■ 

oo ^ — oo \X\ 

Or equivalently, say ip{\^\ 1 1) solves eauation W . 1\ when P — 2 in M?'^^ as a 3d radial 
function, then we have the identity 

-dxdt = TT 



—2 uxu,u - n ||(/7V|-| >";ilL2(R3) • 

x\ 

Remark 2. Simon showed that the best constant in the classical Kato estimate \O.S\ 
is —^ when a = m [B], but he did not give an explicit c/jq to reach that bound. 

Remark 3. It is true that if 

TOt = -Am+ l^l^u mM"+\ (0.3) 

then 

\l^^^dxdt^C\\ui;0)\\l 

\x\ 

when n ^ 3. Also there is a theorem similar to theorem\^for eauation W. 3\ in M^+^. 
However, the proof is quite different from what we are dealing with here. See Chen 

m- 

Remark 4. Vega and Visciglia also proved a family of identities involving the local 
smoothing effect for the Schrodinger equation. See Vega and Visciglia ,10j . 

For a = ^-^ and n = 1, the proof of theorem [2] in fact reproduces the fohowing 
result which was part of theorem 4.1 in Kenig, Ponce and Vega [5 . 

Theorem 3. Without assuming odd initial data, if (j){x,t) solves equation \U.1\ in 
'^ , then we have 

\V\^c^{x,t) di^C||0olli2(K), /?>-!. 



sup 

x£RJ-oc 



Remark 5. The above estimate answers exercise 2.56 in Tao [8]. 
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0.2. Proof of theorem [H It is well known that 

if we choose 

/(O = / e-"<f{x)dx, 

which gives 

/ 



^ = (27r)" II/II2 and / e^'^'^dx = (27r)" ,5(0. 



Hence we have 



\V\" ^{x,t)f dt (0.4) 



— 00 

1 



dt 



/•OO /"OO 

hm / r^~^dr2 / dt (e"-('-^"^-'-^'^^)r/(ei)e-'(''i "''=)* InriraT 0o(^i'^i)0o(^2W2) 

hm / rr'drs (e"-('-i'^^-''="-)7),(rf - r^^) Inp ^2]" 0o(^i^i)'/'o(^2C^2) 

— — ^ / dS",^! / dS^,_ / r""Vri 

lim / z;'^vi-i-^ e"-(''i"i-"^"^)^^(rf -w)|ri|"wt<^o(riu;i)0o(^'^'^2) ) 



1 1 



13 (27r)" ys„-. " "^ Js.-^ "^ Jo 



d5„, / dS^ 



(rr^+'"e-(-^-i-'-i-^)^(riWi)^o(n^2))rri(iri 



to 



where 77 is a suitable bump function i.e. 77^(0 — jV [^) is an approximation 

(27r)"'5(0. This approximation of identity is used in order to avoid 5{r^ — Tj) in 
some dimensions. 
Whence 



ki^-2" 



-dxdt 



dS^, / dS^^ / js-^^ — dx 

/S"-i JR" a;' 



13 (27r)" /...-1 " ^' /o.,-, "" L. i^i^-2a 



('"" '^^^"'/>o(^l'^l)'/'o(''l'^2)j < ^dr-i 



/o 

= c„,a / r'l^^dri / dS'^i / dS^^- ,„-3+2a '^o('^i^i)'^o('^i^2), 

Jo JS--1 JS"-i Icji— aj2| 

excluding the case when /3 — 2a — n due to the fact that \x\ is not a tempered 
distribution in n d. 
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Because n — /3 + 2a<n — lifl</3 — 2a, the above computation concludes the 
proof of theorem [TJ 

Remark 6. The steps in the above proof can be traced back to Sjolin [7] in which 
the author proved various other local smoothing estimates for the free Schrodinger 
equation. In the case we are dealing with here, the computation is carried out 
explicitly. 

0.3. Proof of theorems [2] and [3l Relation 10.41 reads 



V|"0(a;,i)rdi 

1 nOO nOO nOO 

— dt d^J d^,{ 

d^i lim 



gia:^ig-i|4i|'^tg-ia;?2g*l?2l''* 
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4^ 



— OO 






1 



c-i-0 



1 



—^ / d^i Hm / rf^2 + T^ / d^i lim / df 2 



47r2 



£-^0 



, d^i hm / d^2 + -r^ 



e-s-O 



d^i lim / d^2 



With the same procedure in the proof of theorem [TJ we deduce 



1 



00 \x\'' 



-dx 



|Vr(/.(a;,i)|'di 
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2^ 
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I |;3^27r^2;(/ ff_i_2a '^0(^l)'^0(ClKl- 







:0o(ei)'^o(ei)dCi 



o2i2;5i 







o2J2:{^ 



PKil "'-°op|«ir 
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1 



d^i 



M^i) 



2 



M^i) rf^i 



1^1 



10-1-2Q 



/3-l-2a 

1 — cos 2x£^^ 



dx- 



|/3-2a 



becasue ^g is odd if ipQ is odd. However, 



1 — cos 2x^1 

I |^-2q 



dec 



2/ i^^^?^Mid. 




2-2^1 



2-/3-20 

'OO 



sin 2x^1 



dx 



/3 - 1 - 2a 7o a;^-i-2" 
2.2|fi| r(2-/3 + 2a)sin(H^^)^ 



/3 - 1 - 2a 



2/5- 



(2 |^J)2-/3+2« 



2"r(2 - /3 + 2a) sin f 



2-/3+2a, 



/3 - 1 - 2a 



1^1 



i;3-l-2a 
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valid when 1 < /3 — 2a ^ 2 i.e. 



\Vr4>{x,t)\\ , 2^-^"r(2-/3 + 2a)sin(^^^7r) 

' ^^ ' '^-dxdt = ^ ^ 



xl''-'" 2/3(/3 - 1 - 2a)7r 

2/3-2"r(2 - /3 + 2a) sin f ^^^tt) 

= PiP-l-2a) ^11^°"^ 

So theorem [2] is concluded. Notice that relation 10.41 becomes 

if the initial data 0o is even. Via the odd-even decomposition, we have also proven 
theorem [3l 
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